A family of generalized g-Genocchi numbers and polynomials 
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Abstract : In this paper we first consider the g-extension of the generating function for the higher- 
order generalized Genocchi numbers and polynomials attached to \. The purpose of this paper is 
to present a systemic study of some families of higher-order generalized g-Genocchi numbers and 
, polynomials attached to x by using the generating function of those numbers and polynomials. 
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1. Introduction 

As well known definition, the Genocchi polynomials are defined by 

£>\ G^W = e^f>(^, ItK*. (1) 

where we use the technical method's notation by replacing G n {x) by G n (x), symbolically, (see [3,11]). 
In the special case x = 0, G n = G n (0) are called the n-th Genocchi numbers. From the definition of 
Genocchi numbers, we note that G\ = 1, G3 = G5 = G7 = • • • = 0, and even coefficients are given by 
G2n = 2(1 — 2 2n )B2n = 2n£?2 n _i(0), (see [8]), where B n is a Bernoulli number and E n (x) is an Euler 
polynomial. The first few Genocchi numbers for 2, 4, 6, • ■ ■ are —1, 1, —3, 17, —155, 2073, • ■ ■ . The 
first few prime Genocchi numbers are given by G§ = —3 and Gs = 17. It is known that there are no 
others prime Genocchi numbers with n < 10 5 . For a real or complex parameter a, the higher-order 
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Genocchi polynomials are defined by 

bri) e " = £ G ^4 (see[3 ' 4]) - (2) 

n— 



In the special case x = 0, G„ = G„ (0) are called the n-th Genocchi numbers of order a. From 
(1) and (2), we note that G„ = G„ , For deN with d = 1 (mod 2), let x be the Dirichlet character 
with conductor d. It is known that the generalized Genocchi polynomials attached to x are defined 

'^UaX-D-e-U.^. W £1, (1MM) . ,3) 



1 r -^ n ^> n \- 

In the special case x = 0, G n . x = G„. x (0) are called the n-th generalized Genocchi numbers attached 
to x ( see [3, 4, 5, 6]). 

For a real or complex parameter a, the generalized higher-order Genocchi polynomials attached 
to x are a l so defined by 

( 2t£ H?. ( : )( r 1)v T e ^S Gaw ^ (seell31) - (4) 



In the special case x — 0, G^ x — Gn!x(®) are called the n-th generalized Genocchi numbers attached 
to x 01 order a (see [3, 4, 5, 6, 13, 14, 15]). From (3) and (4), we derive G n , x — Gn}x- 

Let us assume that geC with \q\ < 1 as an indeterminate. Then we use the notation 

r i !-9 X 
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The g-factorial is defined by 

[n] q \ = [n] q [n-l] q ---[2] q [l] q 
and the Gaussian binomial coefiicient is also defined by 

[n] q \ _ [n] q [n - 1], • • ■ [n - k + l] q 



n 



Note that 



kj q [n-k] q \[k] q \ [k] q \ 

_ n(n - 1) • • • (n - fe + 1) 



(sec [2, 5]). (5) 



It is known that 



A; 

The g-binomial formula are known that 

(a - y)" = {x-y){x-qy)---{x- q^y) = V f ") 9 G) (-!)'*"-*»*, (see [2, 9]), 



=0 x 7 <? 



and 



(x- 1 j / )«-( 2; - y )( a ;- g2/ ) 1 ..(x- (? «-ij / )-g( n + ! 0/"^' (See[2 ' 9]) ' (6) 

There is an unexpected connection with g-analysis and quantum groups, and thus with non- 
commutative geometry g-analysis is a sort of g-dcformation of the ordinary analysis. Spherical 
functions on quantum groups are g-special functions. Recently, many authors have studied the q- 
extension in various area( see [1-15]). Govil and Gupta [2] has introduced a new type of g-integrated 
Meyer-Konig-Zeller-Durrmeyer operators and their results are closely related to study g-Bernstein 
polynomials and g-Genocchi polynomials, which are treated in this paper. In this paper, we first 
consider the g-extension of the generating function for the higher-order generalized Genocchi num- 
bers and polynomials attached to \- The purpose of this paper is to present a systemic study of 
some families of higher-order generalized g-Genocchi numbers and polynomials attached to x by 
using the generating function of those numbers and polynomials. 



2. Generalized g-Genocchi numbers and polynomials 

For r £ N, let us consider the g-extension of the generalized Genocchi polynomials of order r 
attached to \ as follows: 

oc / r \ oo 

F&)(t,*) = re IIxK) (-i)^ P -^e^+-+^]«* = Y, G[ nlc^ x )- v ( 7 ) 

mi ,m r =0 — l J n—0 

Note that 

-xt 



By (7) and (4), we can see that lim g _>i Gn} x<q (x) = Gn} x { x )- From (7), we note that 
G&, q (x) = G^ q (x) = ■■■ = C#> liX » - 0, and 

Mr) I \ oo / r \ 

P^ r ; = 2 r E II Ximj) (-l)SJ- ^[* + mi + - + mr] J. 

V r / mi,---,m r =0 Vj=l / 

In the special case x = 0, Gr£x,9 = ^«^x>g(0) are called the n-th generalized g-Genocchi numbers of 
order r attached to X- Therefore, we obtain the following theorem. 

Theorem 1. For r € N, we have 
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( ^7T - 2r E ( II xto) ] mj ["»! + - + "M?- 



mi,-,m r - \i= 1 



Note that 



2r E Il^ m ') (-l^-^K 

mi,-,m r -0 \i— 1 / 
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Thus we obtain the following corollary. 
Corollary 2. For r £ N, we have 

2 r 



E( E [UxM 

ai,--- ,a r =0 \ j=l 



(1 + g w ) r 



/ m + r — 1 



m=0 ^ ' oi,---,a r =0 \i=l 



E] a i + m d 



i=l 



m—0 v ai , 

For heZ and r e N, we also consider the extended higher-order generalized (h, g)-Genocchi 
polynomials as follows: 



F^ r \t,x) = 2 r t r E q ^=^ h - f)m > [Jlx^) (-l)E; =1 ^ e b+E: 

mi,- ,m r — \i=l / 



= i rrtj] q t 



(8) 



n! 



E ^n,x}q( X )' 
n=0 

From (8), we note that 

G ( ££(x) = = • • • = G^ x , g (x) = 0, and 



= (l-9) r 



vi=l 



mi,-- ,m r =0 
(=0 ^ ' oi,-,a r =0 y=i / 



J=iC»-j)oj ( — l) a i H ha ' (J' 



((oiH ha r ) 



OC 



x ( — l) miH hm r ^d(miH hror)+<2(EJ=i (h—j)m,j ) 

mi,--- 



(1-9) 



(_ g d(/i-r+0 ;g ) r 



where (—a;; q) r = (1 + x)(l + xq) ■••(!.+ xq r 1 ). 
Therefore, we obtain the following theorem. 

Theorem 3. For h G Z, r G N, we have 

Q{h,r) , x oo / r \ 

T^fl = ^ £ q^ h -^ (Hxirni) \(-l)^^[ x + m 1 + ... + m r 

\ r ) roi,-,m r =0 \i=l / 

y " c;)(- g -)'Et;.., g ^o (n; = ix(«j)) g^-^gO^ 

(1-?)"^ (-qd(h-r+D ]q ) r 
and G&TjCr) = G^x) = • ■ • = G™ x , q (x) = 0. 
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Note that 



(-gd(h-r+l).q) r ~ (l + g d(h-r+0) 

By (9), we see that 

1 _ " (y)(_l)IgJ(x+Er=ia«) 
n / 4 



( m + r l \ (_l}rn q d{h-r+l)m_ (gx 
m=tA m K 



(1-9)"^ (-^C^+O;^ 



m=0 ^ '9 ^ y ^ 1=0 ^ ' 

= E ( ^ ) (-i) v (h - r)m [» + E * + 

m=0 ^ '9 i=l 



(10) 



By (9) and (10), we obtain the following corollary. 
Corollary 4. For h G Z, r G N, we have 

G (,i ' r) fa; 1 ) 

(T) H 

= 2r E ( m + JT ') (-1) v (h - )m E I n I [a; + ^ ai + rfm] «. 

m=0 ^ '9 oi,---,a r =0 \j=l J i=l 



By (8), we can derive the following corollary. 

Corollary 5. For h e Z, r, d G N with d = 1( mod 2), we have 



( h < r ) n( h ^ r ) („\ d ~ l Q(h-l,r-l) 



d(h-l) ^n+r.x^y 30 + a > , b "-fr,> ; jW _ ^ m, -, w "n+r-l, X ,q 



Z=0 

and 

r (h+l,r) , x /nf(/i>r) / x ^(h.r) / x 

9 (n+ry W J ("+;+>! + ("+>! ■ 



For /i = r in Theorem 3, we obtain the following corollary. 



Corollary 6. For r G N, we have 
(7 (r,r) (r) 

J *E (?)(-«*)' E II w» 



2 r E r m ) ( - 1)m E n^ ^'-^^+E ' +*»]?■ 



m— v 7 9 ai,---,a r — \i— 1 / i=l 

In particular, 

G n+r, x ,q-i( r - X ) . n+(:) G n+r, X , q (x) 

( n + r ) r \ { ' q ( n+r )r\ ' 



Let x = r in Corollary 6. Then we have 

j(r,r) 

T K+r,x,<;~ 1 _ / 1'|"/j" + (->) ' J "+ r 'X'g 



G (r,r) _ r (r,r) (r) 

n+r,x,g 1 _ / "+r,x,gv/ 



Let wi,U! 2 ,--- , w r € Q+. Then we define Barnes' type generalized g-Genocchi polynomials 
attached to \ as follows: 



mi,-- ,m r — \i— 1 / 



E G ^L«( X I W 1:W2,-'- ,lO r )-r. 
n=0 n ' 



(11) 



By (11), we see that 



V r ) r - roi,-,ro r =0 \i=l / j=l 

It is easy to see that 



2r e n*K) (-ir i+ - +ro i^+E^]« 

mi,"',m r -0 \z— 1 / j=l 



2^ " (?)(-^)'Et, 1 ... a ,=o (n-=iX(oi)J (-1)^-V£- — 



(l-<?)"p^ (1 + g'""' 1 ) • • • (1 + q dlw -r) 

Therefore, we obtain the following theorem. 
Theorem 7. For r G N, w\, W2, • • ■ ,w r G Q+, we have 

G n+r,x,q( X I W 1> W 2, — ,^r) 

OO / r \ 

^ 2r E n*') H) s - im, K»i™i + -+'»A]; 

mi,-",m r =0 \i=l / 



2^ " (l)(-1 X ) l Et;'-,a r =0 (HUM) (-l)XU°>JU =1 «> t °< 



(l-q) n £^ (1 + q dlvj i) ■ ■ ■ (1 + q dlw r) 
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